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ABSTRACT: We continue the investigation of the structure of the action for a tower of
conformal higher spin fields in non-trivial 4d background metric recently discussed in
arXiv:1609.09381. The action is defined as an induced one from path integral of a con-
formal scalar field in curved background coupled to higher spin fields. We analyse in
detail the dependence of the quadratic part of the induced action on the spin 1 and spin
3 fields, determining the presence of a curvature-dependent mixed spin 1–3 term. One
consequence is that the pure spin 3 kinetic term cannot be gauge-invariant on its own
beyond the leading term in small curvature expansion. We also compute the non-zero
contribution of the 1–3 mixing term to the conformal anomaly c-coefficient. One is thus to
determine all such mixing terms before addressing the question of possible vanishing of
the total c-coefficient in the conformal higher spin theory.
1Also at Lebedev Institute, Moscow.
ar
X
iv
:1
70
2.
00
22
2v
2 
 [h
ep
-th
]  
24
 O
ct 
20
17
Contents
1 Introduction 1
2 Scalar field coupled to conformal higher spins 4
2.1 Flat space background 4
2.2 Curved space background: spins s ≤ 3 5
2.3 Formulation with manifest symmetries 7
3 Structure of the induced action 9
4 Spin 3 induced action 11
4.1 Spin 1–3 mixing term 12
4.2 Spin 3 gauge invariance 13
4.3 Pure spin 3 term 14
5 Spin 1–3 mixing term contribution to UV divergences 16
A Curvature identities 19
B Vanishing of spin 3 linear term in induced action 19
C Background covariant computation of UV pole parts
of correlators of currents 20
D Stress tensor of the free spin 3 field in flat space 22
E Spin 3 gauge invariance in Einstein background 23
F Restricted form of spin 3 gauge invariance 24
G Some expressions used in section 4.3 24
1 Introduction
Conformal higher spin (CHS) theories [1, 2] in 4 dimensions generalize the Maxwell
(s = 1) and Weyl (s = 2) theories to higher rank totally symmetric tensors h(s) = (ha1...as).
They have a local but higher-derivative free action Ss =
∫
d4x h(s) Ps ∂2s h(s) with maximal
spin s gauge symmetries, δh(s) = ∂ε(s−1) + η(2) ξ(s−2), allowing to choose a gauge where
h(s) is transverse and traceless.
These symmetries can be systematically described and extended to non-linear inter-
acting level by considering the coupling of CHS fields h(s) J(s) to conserved currents of a
free complex scalar theory, J(s) = ϕJ(s) ϕ, J(s) = ∂s + .... Integrating out the scalar field
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one can then obtain a local invariant interacting action for an infinite tower (s = 0, 1, 2, ...)
of the CHS fields as an induced action, i.e. as the coefficient of the local (logarithmically UV
divergent) part of the scalar effective action S(h) = log det
[− ∂2 +∑s h(s) J(s)]∣∣UV [3–6].
While it is not clear how to write down this induced action to all orders in an explicit
form, few leading cubic and quartic interaction terms beyond the free h(s)∂2sh(s) term
can be found by direct diagrammatic expansion in powers of h(s) [5, 7, 8]. One can then
compute some simplest 4-particle scattering amplitudes due to the exchange of the infinite
tower of the CHS fields and conclude that they vanish [7, 8] which may be attributed to
the presence of a global conformal higher spin symmetry.
To address the question of possible anomalies in the quantum CHS theory [1, 6, 9]
one needs to go beyond a perturbative near-flat-space expansion and determine, e.g., the
generalization of the CHS quadratic terms h(s)∂2sh(s) to a curved background metric. As
the free flat-space CHS theory is conformally invariant, this is relatively straightforward
to do for a homogeneous conformally-flat background (S4, (A)dS4, orR× S3): in this case
the spin s CHS kinetic operator is known explicitly and it factorizes into a product of s
second-order differential operators [9–13].1
The case of a general background metric appears to be much more complicated.2 As
the conformal spin 2 field hab should be the fluctuating part of the metric, gab = ηab + hab,
finding the background-covariant generalization of the CHS kinetic terms is equivalent
to finding an infinite class of interaction terms in the above induced action containing an
arbitrary power n of the spin 2 field, i.e. h(s)h(s′)(h(2))n.
An alternative approach (which should be equivalent to a resummation of the near-
flat-space expansion) was suggested in [15]. One starts with an effective particle Hamil-
tonian in CHS background that makes explicit the full non-linear symmetry of the theory
generalizing the construction of [4]. Quantization of this Hamiltonian gives a covariant
conformal scalar action in gab background coupled also to the CHS fields. This deter-
mines the background-covariant generalization of the symmetries acting on the scalar
field ϕ and h(s). An underlying assumption is that the induced CHS action should admit
the vacuum with the metric gab = ηab + hab satisfying the Bach-flatness condition (Weyl
gravity equation of motion) with all other h(s) fields being zero. It then follows that the
resulting CHS kinetic operator should be gauge-invariant, at least to the leading order in
small curvature expansion (generalizing the s = 3 result of [12]).
Another consequence of the background-covariant generalization of the CHS symme-
tries suggested in [15] is that, in contrast to earlier expectations, the curved space analog
of the CHS ∂2s kinetic operator should not, in general, be diagonal in spin s. In particular,
the spin 1 and spin 3 fields should mix via the curvature terms like R....∇h(1)∇h(3) + ...
1This factorization allowed to show that the CHS theory has vanishing 1-loop Casimir energy on R× S3
[13] as well as the trivial partition function on S4 [14]. This is consistent with the vanishing of the 1-loop
conformal anomaly a-coefficient after summing up all the spin s contributions [6, 9].
2One may attempt to construct a covariant generalization of the CHS ∂2s operator by just imposing the
required symmetries (covariant analog of spin s gauge invariance and Weyl symmetry). This approach sug-
gests that a spin s CHS operator will no longer factorize if the metric is not conformally flat and allows to
construct the spin 3 operator to linear order in a small curvature expansion [12].
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[15]. These mixing terms vanish in a conformally flat Einstein space but are non-trivial in
general.
The aim in the present paper will be to elaborate on the background-covariant ap-
proach of [15], i.e. to couple the CHS fields to a scalar field defined on a curved back-
ground and then directly compute the resulting induced action, explicitly determining
the form of the spin 1 – spin 3 mixing term anticipated in [15]. One implication of the
presence of this term is that the pure spin 3 quadratic term in the induced action cannot
be gauge invariant on its own, beyond the terms linear in the small curvature expansion
[12] (we will confirm the result of [12] for such terms directly from the induced action
approach).3
We will also show that this 1–3 mixing term gives a non-trivial contribution to the
UV divergences and hence to the conformal anomalies of the CHS theory: while it does
not contribute to the anomaly a-coefficient, it contributes to the c-coefficient. Thus similar
mixing terms are to be accounted for when addressing the question of cancellation of
conformal c-anomaly [9] in the full CHS theory.
We will start in section 2 with a discussion of the curved space analogs of the con-
served flat space scalar field currents that can be coupled to the higher spin fields h(s).
We will see that the candidate spin 3 current is conserved only modulo curvature terms
implying that the spin 3 coupling is not gauge invariant by itself. This non-invariance
can be compensated by a non-trivial transformation of the spin 1 field as, indeed, was
predicted by the general analysis of [15]. We will also discuss the difference between the
"on-shell" (using scalar field equation) and "off-shell" (manifest) symmetries that require
introduction of extra couplings nonlinear in h(s) (one should be able to absorb the latter
into a redefinition of the tower of CHS fields to establish an equivalence to the approach of
[15]). These non-linear terms may, in principle, contribute "contact terms" to the resulting
induced action.
In section 3 we will review the general structure of the induced CHS action in a curved
space background starting with the well-known cases of spin 1 and 2 terms. The depen-
dence of the quadratic part of the induced action on the spin 3 field will be studied in
detail in section 4. In particular, we will compute the 1–3 mixing action by an explicit
covariant background field expansion. We will also discuss the direct computation of the
pure spin 3 kinetic term to the leading order in the weak curvature expansion, finding
agreement with the result of [12] found from symmetry considerations.
In section 5 we will determine the contribution of the mixed 1–3 term to the Weyl-
squared UV divergences, i.e. to the conformal anomaly c-coefficient.
Some technical details will appear in several Appendices. In particular, in Appendix
D we will find the traceless, conserved and (on-shell) gauge-invariant stress tensor for the
free spin 3 theory verifying its conformal invariance in the flat space. In Appendix B we
will show the vanishing of the linear in h(3) term in the CHS action in an arbitrary curved
3It would interesting to see how these conclusions are consistent with the supersymmetry-based approach
of [16] where it was suggested to couple N = 1 superconformal higher-spin multiplets (e.g. containing spin
3 field) with N = 1 conformal supergravity (containing conformal spins 2, 1 and 3/2).
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background which is consistent with the general expectation of the vanishing of the linear
terms in the induced action for all spins in Bach-flat backgrounds [15].
2 Scalar field coupled to conformal higher spins
Below we will discuss the coupling of conformal higher spin fields to bilinear currents of a
complex scalar field. This is well a known story in flat space [4, 5] but the case of a curved
metric background is much more complicated and was addressed only recently in [15].
Here we will use a direct approach based on attempting to construct conserved traceless
currents with correct flat-space limit. We will concentrate on the low spin cases s ≤ 3.
2.1 Flat space background
Let us start with a massless complex scalar in 4d flat Minkowski space (gab = ηab) with
the action S0 =
∫
d4x ϕ ∂2 ϕ. As is well known, one can build in a unique way bilinear
currents that are traceless totally symmetric rank s tensors Ja1...as and are conserved on the
scalar equations of motion ϕ = 0, i.e. [17, 18]4
∂a1 Ja1···as = 0, J
a1
a1···as = 0 . (2.1)
The lowest-spin examples are
Ja = i ϕ ∂a ϕ+ c.c., Jab = (ϕ ∂a∂b ϕ− 2 ∂aϕ ∂bϕ+ c.c.) + gab ∂cϕ ∂cϕ , (2.2)
Jabc = 6i
[
ϕ ∂a∂b∂c ϕ− 9 ∂(a ϕ ∂b∂c) ϕ+ 3 g(ab ∂p ϕ ∂p∂c) ϕ
]
+ c.c. . (2.3)
The properties (2.1) imply that the currents may be coupled to conformal higher spin
fields ha1···as by adding to S0 the source term
Sint =∑
s
∫
d4x ha1···as(x) Ja1···as . (2.4)
This coupling term is then invariant under the linearized higher spin gauge and the alge-
braic (or "generalised Weyl") transformations
δha1···as = ∂(a1 εa2···as) + g(a1a2 ξa3···as) , (2.5)
provided one is allowed to drop terms proportional to the free scalar field equation of
motion. This linearized on-shell invariance can then be extended to an off-shell invariance
of S0 + Sint if one also transforms the scalar field and adds terms linear in hs to (2.5) (see
[4, 5] for a general discussion).
One may fix the algebraic invariance by imposing the traceless condition ha1a1···as = 0.
The residual gauge transformations preserving this condition are, e.g.,
δhab = ∂(a εb) − 14 gab ∂cεc , (2.6)
δhabc = ∂(a εbc) − 13 g(ab ∂p εc)p , εab = εba, εaa = 0 . (2.7)
4Below we will sometimes use shortcut notation: ha1···as ≡ h(s), Ja1···as ≡ J(s), J(s) h(s) = Ja1···as ha1···as and
∂a1···as = ∂a1 · · · ∂as . Symmetrization of indices will be the weighted one as in A(aBb) = 12! (AaBb + AbBa), etc.
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2.2 Curved space background: spins s ≤ 3
Switching on a curved background metric, our starting point will be the action of a con-
formally coupled scalar with a higher source term
S = S0 + Sint ,
S0 =
∫
d4x
√
g ϕ
(
∇2 − 16 R
)
ϕ, Sint =∑
s
∫
d4x
√
g ha1···as(x) Ja1···as . (2.8)
To find suitable higher spin currents J(s) we shall generalize (2.1) and require the co-
variant conservation of the currents ∇a1 Ja1···as = 0 on the scalar equations of motion
(∇2 − R6 ) ϕ = 0 and tracelessness. We will also add the condition of local Weyl invari-
ance of both S0 and Sint (that implies conformal invariance in flat limit) under
δwgab = 2ω gab , δwϕ = −ω ϕ , δwha1···as = 2 (s− 1)ω ha1···as , (2.9)
i.e. will thus demand
∇a1 Ja1···as = 0 , Ja1a1···as = 0 , δw
∫
d4x
√
g h(s) J(s) = 0 . (2.10)
In general, we will also require that the curved space currents J(s) have the standard flat
space limit (2.2),(2.3). If the tracelessness and the covariant conservation conditions in
(2.10) were possible to satisfy we would get (assuming that we may use the scalar field
equations) the covariant generalization of the transformations (2.5), i.e.
δha1···as = ∇(a1 εa2···as) + g(a1a2 ξa3···as) . (2.11)
As is well known, the three conditions in (2.10) can be indeed satisfied for spins 1 and
2. The spin 1 case the current is the same as in flat space (2.2) and is again conserved
on-shell, i.e.
Ja = i
(
ϕ∇aϕ−∇aϕ ϕ
)
, ∇a Ja = 0 . (2.12)
The source term
√
ggabha Jb is Weyl invariant if ha has weight zero, in agreement with
(2.9). The most general Ansatz for the spin 2 current (with correct flat limit in (2.2) for
k1 = −2, k2 = 1) is
Jab = (ϕ∇a∇b ϕ+ k1∇aϕ∇bϕ+ c.c) + k2 gab∇cϕ∇c ϕ+ (k3 Rab + k4 gab R) ϕ ϕ. (2.13)
Imposing the Weyl invariance of
√
g hab Jab with δwhab = 2ω hab as in (2.9) we find that
k1 = −2 and k3 = −1. The trace condition Jaa = 0 gives k2 = 1 and k4 = 16 . With these
coefficients, the current is automatically conserved on-shell, ∇a Jab = 0. One can then
check that this Jab is indeed the stress tensor of the conformally coupled scalar with action
S0 in (2.8)
Jab =
6√
g
δS0
δgab
= (ϕ∇a∇b ϕ− 2∇aϕ∇bϕ+ c.c) + gab∇cϕ∇c ϕ− (Rab − 16 gab R)ϕ ϕ .
(2.14)
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The higher spin cases s ≥ 3 display new features. The most general Ansatz for the spin 3
current on a curved background is5
Jabc = 6i
[
k0 ϕ∇(a∇b∇c) ϕ+ k1∇(a ϕ∇b∇c) ϕ+ k2 g(ab∇p ϕ∇p∇c) ϕ
+ k3 g(ab ϕ∇2∇c) ϕ+ k4 g(ab R ϕ∇c) ϕ+ k5 R(ab ϕ∇c) ϕ
]
+ c.c. . (2.15)
Imposing the trace condition Jaab = 0 gives
k2 = − 13 k1, k4 = 112 k0 + 136 k1 + 13 k3, k5 = −k0 − 3 k3 . (2.16)
Once the current is traceless the coupling∫
d4x
√
g habc Jabc , (2.17)
is invariant under the algebraic symmetry in (2.5), i.e. δhabc = g(ab ξc), allowing to fix the
traceless gauge on habc,
haab = 0 . (2.18)
In this gauge the gab terms in (2.15) decouple (i.e. can be dropped in (2.15)) and then the
Weyl invariance of (2.17) under (2.9) (i.e. δwhabc = 4ω habc) gives the constraints
k1 = −9 k0, k5 = −7 k0 . (2.19)
Thus, the unique traceless current that gives a Weyl invariant source term (2.17) for the
traceless spin 3 field is (2.15) with
(k1, k2, k3, k4, k5) =
(− 9, 3, 2, 12 ,−7) k0 . (2.20)
The explicit form of this Jabc that has the right flat space limit (2.3) is thus (we set k0 = 1)
Jabc = 6i
[
ϕ∇(a∇b∇c) ϕ− 9∇(a ϕ∇b∇c) ϕ+ 3 g(ab∇p ϕ∇p∇c) ϕ
+ 2 g(ab ϕ∇2∇c) ϕ+ 12 g(ab R ϕ∇c) ϕ− 7 R(ab ϕ∇c) ϕ
]
+ c.c. (2.21)
Its covariant divergence can be simplified (using the scalar field equations of motion) to
∇a Jabc = i
(
8
3 g
bc∇pR ϕ∇pϕ− 16 ∇p Rbc ϕ∇pϕ+ 8∇(bRc)p ϕ∇pϕ
− 43 ∇(bR ϕ∇c)ϕ+ 8 Cpbcqϕ∇p∇qϕ
)
+ c.c , (2.22)
where Cabcd is the Weyl tensor. An equivalent form of (2.22) found in [19] is
∇a Jabc = 8 Cpbcq∇(p Jq) + 32∇(p Cpbcq Jq) , (2.23)
where Ja is the spin 1 current in (2.12).
5Here the coefficient k0 is introduced for generality but will be fixed to 1 later.
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The spin-3 current is thus conserved in a conformally flat space but not in a generic
curved background. However, the important observation [19, 15] is that the combined
spin 1 and spin 3 interaction term
Sint(h1, h3) =
∫
d4x
√
g (ha Ja + habc Jabc) (2.24)
which is invariant under spin 1 gauge transformation δha = ∂aε in view of (2.12) can be
made invariant also under the curved-space generalization of the spin 3 gauge transfor-
mation (2.7) combined with a particular Weyl tensor dependent transformation of the spin
1 field, i.e. under
δhabc = ∇(a εbc) − 13 g(ab∇d εc)d , (2.25)
δha = −8 Cabcd∇d εbc + 24∇dCabcd εbc . (2.26)
Note that (2.23) and (2.26) simplify on an Einstein background (Rab = 14 Rgab) as then
∇dCabcd = 0 and thus only one Weyl tensor term survives.
Let us mention, as an aside, that one may try to determine the current (2.15) by im-
posing ∇a Jabc = 0 before other conditions. One then finds that there are no solutions
unless one restricts the background to be Einstein one. In this case one finds that the co-
efficients in (2.15) should be k0 = 0, k2 = − 12 k1, k4 = − 112 k1, k3 = k5 = 0. These values
are not, however, consistent with the constraints of Weyl invariance (2.16) or traceless-
ness (2.19). Denoting the current (2.15) with these coefficients by J˜abc we get explicitly
(choosing k1 = −10)
J˜abc = −60 i
[
∇(a ϕ∇b∇c) ϕ− 12 g(ab∇p ϕ∇p∇c) ϕ− 112 g(ab R ϕ∇c) ϕ
]
+ c.c. (2.27)
This is a non-standard current as it does not reduce to (2.3) in the flat space limit. It is
interesting to note that then6
habc J˜abc = habc
[
Jabc − 6∇(a∇b Jc)
]
. (2.28)
2.3 Formulation with manifest symmetries
In the above discussion of the (linearized) gauge invariance of Sint in (2.4) or (2.8) we
were assuming the use of the scalar field equation, i.e. this invariance was "on-shell" one –
valid modulo terms proportional to δS0δϕ . One expects that it should be possible to relax this
assumption, i.e. to extend the invariance to a manifest (off-shell) one by (i) transforming
at the same time the scalar field and (ii) adding higher order terms in the fields h(s).
Let us recall how that happens in the simplest vector field coupling invariant under
the U(1) gauge transformations: one introduces the covariant derivatives
Da ϕ = (∇a + i ha) ϕ, Da ϕ = (∇a − i ha) ϕ , (2.29)
6Combined with ha Ja the coupling in (2.28) suggest some special role of the combination ha + 6∇b∇chabc;
this will be discussed further in Appendix F.
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and then the scalar action becomes (here J0 ≡ ϕϕ)
S0(h1) =
∫
d4x
√
g ϕ
(
D2 − 16 R
)
ϕ =
∫
d4x
√
g
[
ϕ
(∇2 − 16 R) ϕ+ ha Ja − haha J0] . (2.30)
This action which is different from the sum S0 + Sint in (2.8) by an extra "nonlinear" h2a
term is now manifestly invariant under δha = ∂aε combined with δϕ = −iεϕ.
It is easy to preserve this off-shell vector gauge invariance in the presence of also
higher spin s ≥ 2 couplings in Sint in (2.8) by just replacing∇a → Da in the expression for
the bilinear current J(s), thus getting
∑
s≥2
h(s) J(s)(D) = ∑
s≥2
h(s)
[
J(s)(∇) + haTa(s) +O(h2a)
]
. (2.31)
where Ta(s) ≡ (Tab1....bs) is a bilinear operator that multiplies the term linear in the vector
field in J(s)(D).
Demanding the off-shell realization of higher s > 1 spin symmetries will require also
additional non-linear terms in the fields h(s). For example, it is clear how to construct the
manifestly covariant coupling to hab: one is to start with S0 in (2.8) and replace gab →
gab + hab; expanding in powers of hab will give at linear order the coupling to Jab in (2.14)
(up to normalization) plus an infinite series of higher order terms in hab. One will also be
required to transform the scalar as δϕ = εa∂aϕ and to modify the transformation of hab in
(2.11) by order hab terms to recover the usual form of transformation of gab + hab under
the diffeomorphisms.
Similarly, for spin 3 one will need to supplement the transformations in (2.25),(2.26)
with a transformation of the scalar field to cancel the terms proportional to δS0δϕ that were
dropped in (2.23); that will then require adding also (habc)2 terms in the action Sint to
compensate for the variation of the habc Jabc term under this transformation of ϕ, etc.
An alternative to this procedure is to follow the approach of [4] (in flat case) and
[15] (in curved background) and introduce only linear h(s) J(s) couplings but to the whole
tower of the higher spin fields including the scalar h0 coupled to J0 = ϕϕ and transform
both ϕ and h(s). In this case the gauge transformation of h(s) will contain, in addition to
∇ε(s−1) term, also terms linear in h(s′) [15]. The two approaches should be related by field
redefinitions like h0 → h0 − haha and so on, (cf. [8]).
Starting with an action S(ϕ, h) which contains all necessary terms to be manifestly
invariant under some local transformation7 δϕ = F(ε; ϕ, h), δh = f (ε; h), and then inte-
grating out ϕ one should get the (full, non-local) effective action Γ in
Z = e−Γ(h) =
∫
dϕ e−S(ϕ,h) , (2.32)
which should be formally invariant under δh = f (ε, h). As Γ is given just by a 1-loop
determinant (ϕ does not have self-interactions) its logarithmically UV singular part is
local and cannot contain any anomalies
Γ(h) = logΛUV S(h) + . . . . (2.33)
7Here ε may stand for parameters of Weyl, gauge, or algebraic symmetries as in (2.9),(2.11).
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Thus S(h) (that we shall call the induced action) should be manifestly invariant under the
above transformations of h.
Suppose we start instead with an action S˜(ϕ, h) = S0(ϕ) + h · J that contains only
linear in h terms and is invariant under δh = f (ε; h) only on-shell, i.e. up to terms pro-
portional to the free ϕ equation of motion. As the terms proportional to the equations
of motion contribute delta-functions to the coordinate-space correlators of J, they can be
ignored as usual in the correlation functions at separated points which will thus be invari-
ant. However, the corresponding local induced action S˜(h) is no longer guaranteed to be
invariant under δh = f (ε; h).
Indeed, in the vector coupling case (cf. (2.30)) it is easy to see that starting just with the
minimal ha Ja coupling term one gets the induced action containing non-invariant (haha)2
term. Same will happen for higher spin couplings. It should be possible to eliminate such
non-invariant terms by a field redefinition provided one considers S˜(h) for the whole
tower of the conformal higher spin fields. For example, including non-zero scalar h0 we
will get the term (h0 + haha)2 and thus non-invariant (haha)2 term can be redefined away
by a shift of h0. This has, of course, an explanation in terms of the off-shell invariance
of the action S(ϕ, h) in (2.30) that has the term haha J0 present there. Similar observations
should apply to higher spin cases as well.
3 Structure of the induced action
Starting with the reparametrization and vector gauge invariant conformal scalar action
(2.30) and integrating ϕ out the resulting induced action for gab and ha (i.e. the coefficient
of the logarithmic UV divergence in the effective action (2.33)) will take the familiar form8
S =
∫
d4x
√
g
(
− 112 F2ab + 1120 C2abcd
)
, (3.1)
where Fab = ∂ahb− ∂bha and Cabcd is the Weyl tensor. S is invariant under the reparametriza-
tions, vector gauge symmetry and the Weyl symmetry.
One may systematically obtain S by expanding exp(−S) in (2.32) in powers of the
fields h(s) and computing the UV singular parts of the resulting correlators of the cur-
rents on a curved background using, e.g., the covariant methods of [21–30]. For example,
computing the correlator of the vector current 〈Ja Jb〉 using the dimensional regularization
expressions in Appendix A of [25] one finds∫
d4x
√
g ha 〈Ja Jb〉UV hb = − 16
∫
d4x
√
g F2ab . (3.2)
Here and below 〈...〉UV will stand for the coefficient of the logarithmically divergent (or
pole 1/ε ∼ logΛUV) part of a correlator. The haha term in the manifestly gauge-invariant
action (2.30) does not contribute at h2 order as 〈J0〉UV = 0; it produces the h4 term that
cancels, however, against other h4 contributions so the final result is in agreement with
(3.1).
8This expression is given by the relevant Seeley-de Witt coefficient of the conformally coupled scalar Lapla-
cian, see, e.g., [20]. Here we dropped a total derivative ∼ R? R? term.
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A similar approach can be used in the spin 2 case. If one starts with the scalar action
S0 in (2.8) and adds just a linear coupling term hab Jab then the coefficient of the linear in
hab term in the corresponding induced action S will be given by the UV log divergent part
of the 1-point function of the spin 2 current, i.e. 〈Jab〉UV , which turns out (cf. (4.8),(4.9)) to
be proportional to the Bach tensor Bab (defined in Appendix A). To reproduce the gauge-
covariant quadratic h(2)O4h(2) term one will need, in general, to add to 〈Jab Jcd〉UV also the
"contact term" contribution of the quadratic habTabcdhcd coupling term in the manifestly
gauge-invariant scalar action).9
In the spin 2 case there is a short-cut: we may shift the metric gab → gab + hab in the
conformally coupled scalar action to isolate the spin 2 coupling as in (2.8),(2.13); then the
resulting dependence of S on hab should be given by the expansion of the C2 term in (3.1)∫
d4x
√
g C2abcd →
∫
d4x
√
g
[
Bab(g)hab + habOabcd(g)hcd + ...
]
, (3.3)
where Bab is the Bach tensor and the operator O4 ∼ ∇4 + ... is reparametrization and
Weyl invariant and invariant under the algebraic symmetry δhab = gabξ. The invariance
of the O4 term under the gauge symmetry δhab = ∇(aεb) requires the cancellation of the
linear in hab term in (3.3), i.e. constraining gab by the condition of Bach-flatness, Bab = 0.
We also note that the quadratic coupling term habTabcdhcd in the covariant scalar action
found by shifting gab → gab + hab in S0 in (2.8) and expanding in hab will contain (i) part
with derivatives acting on h (coming from R/6-term) and thus giving zero contribution
as 〈J0〉UV = 0, and (ii) part with two derivatives acting on the scalar field and thus similar
to (2.13), with the resulting contribution again proportional to Bab. Thus its contribution
can be ignored on the Bach-flat backgrounds.
Similar remarks apply to higher spin coupling terms. In general, the expansion of the
induced action S(g, h) in powers of h(s) should be [15]
S(g, h) = S(0)(g) + S(1)(g, h) + S(2)(g, h) + . . . , (3.4)
S(1) =∑
s
∫
d4x
√
g B(s)(g) h
(s) , S(2) =∑
s,s′
∫
h(s) Os,s′(g) h(s′) , ... (3.5)
This action should have manifest reparametrization and Weyl symmetries. S(0)(g) is the
Weyl tensor term in (3.1) (while spin 1 term in (3.1) is included in S(2)).
Ignoring total derivatives, the coefficient of the linear term 〈J(s)〉UV ∼ B(s)(g) should
be a local function of the metric g and its derivatives, which is covariantly conserved,
traceless and Weyl-covariant. Explicitly, Ba = 0, Bab is the Bach tensor and as we will
show in Appendix B Babc = 0 for any background.
As was argued in [15], for general s, the tensor B(s)(g) should vanish on a Bach-flat
background, at least up to terms quadratic in the curvature of the background metric. The
vanishing of B(s)(g) is required in order for the Bach-flat metric gab along with h(s) = 0
9Here T(4) is a scalar bilinear operator containing 2 derivatives. As discussed above, similar non-linear in
h(s) terms in the scalar action S(ϕ, h) can be reconstructed order by order by demanding its manifest (off-shell)
invariance.
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be the vacuum of the full CHS action S(g, h). In that case the quadratic term S(2) which,
in general, is non-diagonal in s, s′, should be invariant under the background-covariant
gauge and algebraic transformations of the CHS fields generalizing (2.11) (like (2.3), etc.).
The operator Os,s′(g) should, in general, receive contribution from 〈J(s) J(s′)〉UV as well
as from the contact term X(s)(s′) = 〈T(s)(s′)〉UV coming from the quadratic term h(s)T(s)(s′)h(s
′)
required for the manifest covariance of the scalar action (cf. (2.30),(2.31)).
We shall make the conjecture that X(s)(s′) = 0 on a Bach-flat background. As was
mentioned above, this is true in spin 2 case where X(2)(2′) is proportional to the Bach ten-
sor. In general, since the dimension of the CHS field h(s) is 2− s (so that the interaction
action in (2.4) is dimensionless) the product h(s)h(s′) has the same dimension as h(s′′) with
s′′ = s+ s′ − 2, and thus it may be possible to eliminate the h(s)T(s)(s′)h(s′) term by a redef-
inition of h(s′′) in the h(s
′′) J(s′′) coupling. As the linear term in h(s
′′) in S1 in (3.5) should
vanish on a Bach-flat background, the same should then apply to the contribution of
h(s)T(s)(s′)h(s
′) to Os,s′(g). Equivalently, as the scalar bilinear operator X(s)(s′) has the same
dimension as J(s′′) it is natural to expect that the (reparametrization and Weyl covariant)
expectation value X(s)(s′) = 〈T(s)(s′)〉UV should also vanish on a Bach-flat background, as it
happened in the case of 〈J(s′′)〉UV . For example, like the h2a term in (2.30) can be absorbed
into a redefinition of the CHS scalar h0, a possible h(1)h(3) term in (2.31) may be absorbed
into a redefinition of h(2). Indeed, we will check below that X(1)(3) = 〈T(1)(3)〉UV vanishes
on a Bach-flat background. Similarly, it should be possible to absorb the h(3)T(3)(3)h(3)
term in the scalar action into h(4) J(4) so that its tadpole contribution should be propor-
tional to the variation of a linear term B(4)(g) h(4) and should thus vanish along with B(4)
if Bab = 0.
4 Spin 3 induced action
Below we will study in detail the dependence of the quadratic part S(2) of the induced
action on the spin 3 field, and, in particular, its mixing with the spin 1 field anticipated in
[15]. Our starting point will be the manifestly vector gauge covariant form of the scalar
action (2.30),(2.31). We will choose habc to be traceless.
As the linear in h(3) term in the induced action in (3.5) vanishes (as shown in Ap-
pendix B, 〈Jabc〉UV=0) the induced action in the spin 1 plus spin 3 sector starts with a
quadratic term
S(2) = S11 + S13 + S33 , (4.1)
where Sss′ is a term bilinear in h(s) and h(s′). S11 is the Maxwell action in (3.1),(3.2). The
1–3 mixing term will have two contributions:
S13 = S
(a)
13 + S
(b)
13 , (4.2)
where S(a)13 will come from the correlator 〈J(1) J(3)〉UV and S(b)13 from the contact term 〈T(1)(3)〉UV
(see (2.31)). Similarly, the S33 term
S33 =
∫
d4x
√
g h(3)O6 h(3) , (4.3)
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will come from the correlator 〈J(3) J(3)〉UV and also from the contact term X(3)(3) = 〈T(3)(3)〉UV
that originates from the h(3)T(3)(3)h(3) term in the manifestly covariant scalar action.
4.1 Spin 1–3 mixing term
A long straightforward calculation using covariant methods of [21–30] shows that the
contribution to S13 coming from the UV singular part of the 2-current correlator is given
by (see Appendix C for some details of this computation)
S(a)13 =
∫
d4x
√
g ha 〈Ja Jbcd〉UV hbcd =
∫
d4x
√
g L (a)13 , (4.4)
where
L
(a)
13 =− 7415 RbcRhahabc − 2815 ha Cbde f Ccde f habc + 11615 haCbde f Cced f habc
+ 745 Rb
dRbchahacd − 385 RbchaCbdcehade + 45 RbchaCadcehbde
− 8haCaeb f Cced f hbcd + 16 ha∇bR∇chabc + 133 hahabc∇c∇bR
+ 11ha∇aRbc∇dhbcd − 11ha∇cRab∇dhbcd − 375 ha habc∇d∇dRbc + 10ha∇chabd ∇dRbc
− 10ha∇dhabc∇dRbc + 565 hahbcd∇d∇aRbc − 565 ha hbcd∇d∇cRab
+ 6ha∇bhbcd∇eCacde + 12ha∇dhabc∇eCbdce + 325 hahbcd∇e∇dCabce
+ 245 h
ahabc∇e∇dCbdce + 8ha∇dCabce∇ehbcd + 8ha Cacde∇e∇bhbcd
+ 8haCbdce∇e∇dhabc . (4.5)
The action (4.4) is invariant under the Weyl transformations (2.9) but is not vector gauge
invariant: to restore this invariance we need to add the "tadpole" contribution of the mixed
1-3 term in (2.30), i.e.
L
(b)
13 = 〈T 〉UV , (4.6)
T ≡hd Tdabc habc =
(− 12 ha∇c∇bhabc + 84 Rbc hahabc)ϕϕ − 60 ha ∇chabc ∇b(ϕϕ)
+ 120 hahabc
[∇bϕ∇cϕ− (ϕ∇b∇cϕ+ ϕ∇b∇cϕ)] . (4.7)
To compute the tadpole contribution10 〈T 〉UV we note that for a conformally coupled
scalar the pole part of the 2-point function vanishes, 〈ϕϕ〉UV = 0 (see, e.g., [33]). Then
dropping a total derivative term we get
〈T 〉UV = 60 ha habc 〈Jab〉UV , (4.8)
where Jab is the stress tensor of the conformal scalar defined in (2.14). The UV singular
part of the expectation value of the scalar stress tensor should be related to the derivative
10In a massless theory, one has to be careful to isolate the UV poles from the IR ones. In curved space case,
the curvature plays the role of an effective IR scale (which can be captured by a resummation of an infinite set
of terms in near-flat-space expansion). Taking this into account, the tadpoles lead to non-trivial contributions
to logarithmic UV divergences. Various point-splitting treatments of tadpoles in curved space are discussed
in [21, 31–33].
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of the C2abcd logarithmic divergence in the effective action (cf. (3.1)) and should thus be
proportional to the Bach tensor in (A.2). Indeed, as follows from eq.(6.4) in [21],11
L
(b)
13 = 〈T 〉UV =6 Babhabc hc
=
(− 2 RabR + 6 RadRbd + 6RedCeabd +∇a∇bR− 3∇2Rab)habc hc . (4.9)
Thus the tadpole contribution vanishes on a Bach-flat background in agreement with the
above discussion.
Adding (4.9) to (4.5) we get a simple manifestly vector gauge invariant expression
L13 = L
(a)
13 +L
(b)
13 = 8 F
ab
[
Cacdp∇phbcd +
(∇aRcd − ∇cRda)hbcd ] , (4.10)
where Fab = ∂ahb − ∂bha and habc is totally symmetric and traceless. Like each of the√
gL (a)13 and
√
gL (b)13 terms, their sum
√
gL13 is also invariant under the Weyl transfor-
mations (cf. also the discussion at the end of Appendix B). BothL (a)13 andL
(b)
13 vanish on
a conformally-flat Einstein space.
4.2 Spin 3 gauge invariance
As we saw in section 2, the spin 3 interaction term (2.17) is not invariant under the curved
background spin 3 gauge transformation (2.11) – we need also to transform the spin 1 field
in the interaction term in (2.8) according to (2.26). If we specify the metric to be, e.g., the
Einstein one (i.e. a particular Bach-flat one) then ∇aCabcd = 0 and (2.25),(2.26) simplify to
δhabc = ∇(a εbc) − 13 g(ab∇p εc)p , δha = −8 Cabcp∇p εbc . (4.11)
Using (3.1) and that Rab = 14 Rgab in (4.10), the quadratic part of the induced action (4.1)
may then be written as
S(2) =
∫
d4x
√
g
[
− 112 F2ab + 8 Cabcd Fap∇dhpbc + h(3)O6 h(3)
]
. (4.12)
One can then check that the transformation of ha in (4.11) in the first term in (4.12) com-
bined with the transformation of habc in the second mixed term in (4.12) leaves the total
action invariant (see Appendix E).
The transformation of the second term in (4.12) under the transformation of ha should
cancel against the transformation of the last pure spin 3 term in (4.12) under the variation
of habc in (4.11). As a result, the last term S33 in the action (4.1) (and thus the operatorO6 ∼
∇6 + ... in (4.12)) cannot be, in general, invariant under the spin 3 gauge transformations
even on an Einstein background, contrary to what one might naively expect.12
Since the variation of ha in (4.11) is linear in the Weyl tensor, the variation of the sec-
ond term in (4.12) has the structure C∇(C∇ε)∇h(3), i.e. is of second order in the curvature.
11See also [34] for a detailed discussion of regularization issues in the vacuum expectation value of the
stress tensor.
12See Appendix F for a discussion of how this may change if one requires only the invariance under the
restricted spin 3 gauge transformations with ∇aεab = 0.
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Thus the h(3)O6 h(3) term may be invariant on its own at leading linear order in the cur-
vature in a small curvature expansion. Indeed, such an operator was constructed in [12]
starting from the condition of such linearized spin 3 gauge invariance. Below we shall
reproduce this result by directly computing the leading term in the induced action S33 in
the near-flat-space expansion.13
4.3 Pure spin 3 term
As was discussed above, the term S33 in (4.1) may receive contributions from (i) the corre-
lator 〈J(3)(x) J(3)(x′)〉UV and (ii) the tadpole term X(3)(3) = 〈T(3)(3)(x)〉UV coming from the
quadratic h(3)T(3)(3)h(3) term in the manifestly spin 3 gauge-covariant scalar action. The
latter should vanish on a Bach-flat background as discussed above.
The exact computation of 〈J(3)(x) J(3)(x′)〉UV with spin 3 current given in (2.21) in the
background-covariant approach is technically challenging and will not be attempted here.
We shall discuss only the flat space case and the near-flat-space expansion to leading order
in the curvature making contact with an earlier result of [12].
In the flat space limit, we have
Sflat33 =
∫
d4xL flat33 , L
flat
33 =
1
2 h
abc 〈Jabc Ja′b′c′〉flatUV ha
′b′c′ . (4.13)
The correlator 〈J(3)(x) J(3)(x′)〉flat of the flat-space spin 3 current (2.3) computed in the free
scalar CFT is given by the transverse traceless spin 3 projector operator times |x − x′|−6.
To extract the UV pole we may use, e.g., the dimensional regularization as in [35]. The
resulting expression is14
L flat33 =
7
45
(
habc3 habc − 25 habc ∂abcde f hde f + 125 habc ∂bcde hade − 3 habc2 ∂cd habd
)
. (4.14)
As expected, the spin 3 CHS Lagrangian (4.14) is invariant under the gauge transforma-
tions (2.5).15 It is also scale-invariant, and, being a flat limit of a full Weyl-invariant action,
it should also have the full conformal symmetry. This is indeed the case as we demon-
strate in Appendix D: the Lagrangian (4.14) admits a symmetric traceless stress tensor
which is conserved and gauge invariant on the spin 3 equations of motion.
Next, we may compute the first correction to (4.14) in the near-flat-space expansion,
i.e. at the leading order in hab = gab − δab. Schematically,
S33 = Sflat33 + S233 + · · · , S233 =
∫
d4x h(2)
[
h(3) ∂
6h(3) + ∂h(3) ∂5 h(3) + · · ·
]
. (4.15)
13The operator O6 found in [12] was not unique, so the matching to our result for the induced action
requires fixing the remaining freedom in [12] in a particular way.
14The computation amounts to the evaluation of ∂a1∂a2 · · ·G(x − x′) ∂b1∂b2 · · ·G(x − x′), where G is the
free scalar propagator G(x) = 18pi2 σ with σ =
1
2 (x− x′)2. Taking derivatives and using the relation ∂2σ−p =
2 p (p− 1)σ−p−1, we may reduce all terms in (4.13) to the form habc(x) ha′b′c′ (x′) Pabc,a′b′c′ (x − x′) (∂2x)k 1σ2
where P(x− x′) is a tensor built with the displacement vector (x− x′)a, and 1σ2 ∼ 1ε δ(4)(x− x′) gives the pole
in dimensional regularization (see, for instance, eq. (A.1) of [25]). The final result is obtained by integrating
by parts the ∂2x operators and taking in the end the coincidence limit x → x′.
15Notice that the gauge invariance fixes the coefficients in (4.14) up to an overall proportionality constant.
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Figure 1. Scalar field one-loop diagrams with UV divergent parts contributing to the induced
action S233. Dots stand for the insertions of the spin 2 or spin 3 flat-space currents in (2.2),(2.3) or
the quadratic h(2)h(3) and h2(3) vertices in the scalar action required for its manifest covariance.
Since the transformation of ha under the spin 3 gauge transformations given in (2.26)
involves already one power of the curvature, the term S233 can not mix with the spin 1-3
term S13 and should thus be invariant under the linearized spin 3 gauge transformations
on its own.
The first correction S233 is given by the sum of the three contributions shown in Fig. 1,
i.e.
S233 = S
(a)
233 + S
(b)
233 + S
(c)
233. (4.16)
To simplify the computation we shall assume that the external fields h(2) and h(3) are
transverse and traceless (TT). The first diagram (a) has three flat-space current vertices
that have a simple form h(s) ϕ ∂s ϕ (see (2.2),(2.3) and [8]). The explicit form of the vertex
h(2)h(3)ϕϕ in the diagram (b) is found by expanding the curved-space source term (2.17)
in powers of hab∫
d4x
√
g habc Jabc(∇) =
∫
d4x habc Jabc(∂) +
∫
d4x habVab(h(3), ϕ) +O(h2ab) , (4.17)
where the explicit form of Vab is given in Appendix G.
The third diagram involves the h(3)h(3)ϕϕ vertex required for the manifest covariance
of the scalar action under the spin 3 gauge transformations. As discussed above, its con-
tribution is expected to vanish on a Bach-flat (e.g. Einstein) space. We shall impose, for
simplicity, the condition that gab + hab is Einstein, which (for the TT field hab) amounts to
the condition hab = 0 to be assumed below.
The explicit results for the contributions of the diagrams (a) and (b) are given by (G.2)
and (G.3). The total action S233 turns out to be consistent with the result of [12] for the
linear in curvature term in the S33 action where it was found by demanding the spin 3
gauge invariance to the leading order in curvature expansion.16 As a simple illustration
16We have used the Mathematica notebook provided in [12] to check that they result SNT233 is equivalent to
ours S233 for a particular choice of free parameters in [12] associated with field redefinitions, total derivatives,
and use of 4d identities and after restricting to TT fields and imposing the linearized Einstein space constraint
hab = 0.
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of the agreement, let us formally set hab to be constant (i.e. ignore all curvature terms).
Then
L NT233 = − 1357
(
habhcde ∂ab2hcde + habhacd 3hbcd
)
= L233 = L
(a)
233 +L
(b)
233 , (4.18)
L
(a)
233 = − 1357
(
habhcde ∂ab2hcde − habhacd 3hbcd
)
, L (b)233 = − 2707 habhacd 3 hbcd ,
where we made a field rescaling to account for a difference in our choice of normalizations
compared to [12].17
5 Spin 1–3 mixing term contribution to UV divergences
Starting with the induced action for the tower of CHS fields one may attempt to compute
the corresponding UV divergences and thus conformal anomalies. Assuming we expand
near the vacuum point (with Bach-flat metric) so that all linear terms in (3.4) vanish, the
action will begin with the quadratic term S(2) in (3.5) and thus the 1-loop correction to the
CHS partition function will be expressed in terms of determinants of the operators Os,s′
in (3.5).
In general, the logarithmic divergences or conformal anomalies in curved d = 4 back-
ground are governed by the coefficients a and c in the corresponding Seeley coefficient
(see, e.g., [36])
Γ = − log ZCHS =− 1(4pi)2 logΛUV
∫
d4x
√
g b4(x) + finite , (5.1)
b4 =− a R∗ R∗ + c C2 . (5.2)
To extract the coefficients a and c one may compute b4 separately in a conformally flat Ein-
stein background where b4 = −a R∗R∗ and in a Ricci flat background where b4 = (c− a)C2.
In the conformally flat case the CHS kinetic operators are diagonal in spin and fac-
torize into products of second-derivative operators [9, 11, 12] and thus the corresponding
a-anomaly coefficient can be computed [9] using standard methods like in [37]18
as = 1720 νs (3 νs + 14 ν
2
s ) , νs ≡ s(s + 1) . (5.3)
In the special cases of conformal spins 2 (i.e. Weyl graviton) and 3/2 (conformal gravitino)
this factorization on (A)dS4 or S4 background was observed long ago in [38–41].
The factorization of the Weyl graviton and conformal gravitino kinetic operators turns
out to hold also in a Ricci-flat background [39, 1]. In [9] it was conjectured that this fac-
torization may apply to all CHS kinetic operators in Rab = 0 background leading to the
following prediction for the spin s contribution to the c-coefficient in (5.2)
cs = 1720 νs (4− 42 νs + 29 ν2s ) . (5.4)
17The agreement of the actions for constant hab is, in general, guaranteed if the flat space actions match
(as one can generate a constant metric by a coordinate redefinition) but it still provides a formal consistency
check of the two results.
18This was done also using the AdS5 related method [6].
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Figure 2. One-loop diagram in the spin 1– spin 3 theory contributing to the C2 UV divergence.
As was argued in [12], the Ricci-flat factorization conjecture may not be true in general for
s > 2 as there should be curvature derivative dependent terms like ∇nR.... that represent
obstructions to factorization. However, such terms can not contribute to the UV diver-
gences (5.1),(5.2) and thus to the value of cs on dimensional grounds. Note also that the
general argument in [12] was under the assumption that the CHS kinetic operator O2s is
diagonal and gauge invariant separately for each s, which is not, in general, true as we
have seen above. Still, even ignoring such derivative terms the factorization conjecture
for s ≥ 3 remains to be proved.
Regardless the validity of the factorization conjecture, what was not included in the
previous analysis is a potential contribution to (5.1),(5.2) coming from non-diagonal mix-
ing terms like S13 in (4.1),(4.10). Such mixing terms vanishing in conformally flat Ein-
stein background can not contribute to anomaly a-coefficient but may contribute to c-
coefficient. Here we will concentrate on the spin 1–3 sector discussed above. For s = 1
(Maxwell) field we have the standard result c1 = 110 (ν1 = 2 in (5.3),(5.4)) while for the
diagonal s = 3 contribution (assuming factorization of O6) we expect from (5.4) to get
c3 = 91915 (ν3 = 12).
Let us consider the background metric to be generic (not necessarily Einstein). The
mixed 1-3 term in the induced action (4.10) contains the C∇h(1)∇h(3) and (∇R)(∇h(1))h(3)
vertices while the kinetic terms are h(1)(∇2 + ...)h(1) + h(3)(∇6 + ...)h(3). It is easy to see
on dimensional grounds that only the first C∇h(1)∇h(3) mixing vertex may in principle
contribute to the C2 UV divergences in (5.2). We may thus start directly with the simple
quadratic action (4.12). The corresponding additional C2 contribution may come from the
UV divergent part of the diagram in Fig. 2. As the mixing vertex contains already one
factor of the Weyl tensor, to find this contribution it is sufficient to consider the flat-space
spin 1 and spin 3 propagators in TT gauges. We get for the resulting contribution to the
effective action in momentum representation
Γ(p) = 12 8
2 n1 n3
∫ ddk
(2pi)d
Caced(−ke − pe)(kagbq − kbgaq)
× Ca′c′e′d′(ke′ + pe′)(−ka′gb′q′ + kb′ga′q′)P
q,q′(k)
k2
Pb b
′c′d′
cd, (k + p)
[(k + p)2]3
, (5.5)
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where ns are normalizations in the flat-space CHS quadratic actions
1
2 ns
∫
d4x ha1 ...as P
a1 ...as
b1 ...bs
s hb1...bs , (5.6)
while Pa,b(k) and Pabc,de f (k) are the spin 1 and spin 3 TT projectors P(s)(s′) in momentum
representation (see, e.g., eq.(3.6) and footnote 18 in [8]). Then after some standard manip-
ulations (introducing Feynman parameters and shifting loop momentum) we get 19
Γ(p) =
224
5
n1 n3 Caeb f (p) Cced f (−p)
∫ 1
0
dx
∫ ddk
(2pi)d
ka kb kc kd[
k2 + M2(p, x)
]4 + finite. (5.7)
The UV divergent part is then (ε = 4− d→ 0)20
ΓUV =
28
5
n1 n3
(4pi)2 ε
CabcdCabcd . (5.8)
Our normalizations of the flat-space currents in (2.2),(2.3) correspond to n1 = 3 and n3 =
7
90 in (5.6) (see (4.12), (4.14)) so that the final result for the contribution of the 1-3 mixing
to the coefficient c in (5.2) is
c13 = 9875 . (5.9)
The total contribution to c from the 1-3 sector is thus c1+3 = c1 + c13 + c3 = 110 +
98
75 +
919
15 ,
i.e. the magnitude of the mixed term contribution is intermediate between the pure spin
1 and 3 ones.
In general, other similar higher spin mixing terms are expected to appear and thus
should also contribute to the C2 UV divergence. Indeed, just on dimensional grounds
one may have for spin s and spin s′ part of the CHS action expanded near flat space (we
assume the fields to be TT and ignore normalization factors, cf. (4.12))21
Ss+s′ =
∫
d4x
[
h(s)(∂
2s + ...)h(s) + h(s′)(∂
2s′ + ...)h(s′) +∑
n
C ∂nh(s)∂
n′h(s′) + ...
]
, (5.10)
where C stands for the Weyl tensor and n + n′ = s + s′ − 2 to balance dimensions.
Then the UV singular C2 contribution to the one-loop effective action is proportional to∫
d4k k
2n+2n′
k2s+2s′
∼ ∫ d4kk4 . i.e. is logarithmically divergent and thus contributes to c-coefficient
in (5.2).
It then remains an open question if these mixing term contributions may change
the expectation [9] that the regularized sum of all CHS contributions to the conformal
anomaly c-coefficient should vanish, like that happens for the total a-coefficient coeffi-
cient [6, 9].
19 We thank S. Nakach for correcting the overall coefficient in (5.7) in the first version of this paper.
20We use that one can make the replacement kakbkckd → 124 (gab gcd + gac gbd + gad gbc) (k2)2, and the stan-
dard integral: ∫ ddk
(2pi)d
(k2)a
(k2 + M2)b
=
Γ(b− a− d/2)Γ(a + d/2)
(4pi)d/2Γ(b)Γ(d/2)
(M2)d/2+a−b.
Note that in dimensional regularization in (5.1) one has logΛUV → − 1ε .
21To determine the mixing term here requires the computation of the h(2)h(s)h(s′) term in the CHS action in
a near flat space expansion.
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Appendices
A Curvature identities
In four dimensions, one has the following useful identities for the Weyl tensor
CacdeCbcde = 14 g
ab Ccde f Ccde f , CacdeCbdce = 14 g
ab Cced f Ccde f . (A.1)
The Bach tensor is defined by
Bab =− 14 1√g δδgab
∫
d4x
√
g C2abcd (A.2)
= RacRbc − 13 RabR + Rcd Cacdb − 12∇2Rab + 16∇a∇bR− 14 gab(RcdRcd − 13 R2 − 13∇2R)
Introducing the Schouten tensor Pab = 12 (Rab − 16 R gab), the Bach tensor may be written
as
Bab = ∇c∇a Pbc −∇2 Pab + Pcd Cacdb =
(∇c∇d + 12 Rcd)Cacdb , (A.3)
where the second equality follows from the Bianchi identities.22
B Vanishing of spin 3 linear term in induced action
Let us consider the linear term in the induced action (3.4),(3.5)
S(1)3 =
∫
d4x
√
g habc Babc , Babc = 〈Jabc〉UV , (B.1)
given by the coefficient of the logarithmic divergence in the 1-point function of the spin 3
current (2.21). Since the UV singular part of the 1-point function of spin 1 current is equal
to zero, Ba = 〈Ja〉UV = 0, the relation (2.23) implies that dimension 5 tensor Babc should be
covariantly conserved,∇aBabc = 0. In addition, it should parity-even (as Jabc in (2.21) and
S0 in (2.8) are) and Weyl-covariant with weight -2 so that S
(1)
3 is Weyl-invariant (cf. (2.9)).
22Let us note that some papers have different signs appearing in the expression for the Bach tensor which
is usually related to different conventions for the sign of the curvature.
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Examining the most general candidates for Babc satisfying these conditions we did not
find any solutions, i.e. we should have
Babc = 0 . (B.2)
In [15] it was suggested that Babc may be proportional to Eastwood-Dighton tensor
Eabc = C
e f
cb∇dC∗de f a − C∗e fcb∇dCde f a , C∗abcd = 12 εabe f Ce fcd , (B.3)
which satisfies the Weyl-invariance and conservation conditions and vanishes on confor-
mally Einstein spaces. However, this tensor is parity-odd and thus cannot appear in the
expectation value 〈Jabc〉UV .
Let us note that in the special case of an Einstein space background Rab = 14 Rgab we
do not need the condition of Weyl invariance to show that Babc = 0. Indeed, the dimension
5 tensor Babc must be constructed from the Weyl tensor and covariant derivatives, i.e. it
should be of the form ∇CC or ∇3C or explicitly (ignoring gab-terms that decouple upon
contraction with traceless habc)
Babc = k1∇e∇d∇cCadbe + k2 Cade f∇cCbde f + k3 Cade f ∇cCbed f ++k4 Cade f∇ f Cbdce . (B.4)
The first term can be related to the last three as for an Einstein space
∇e∇d∇c Radbe = −Rbde f∇dRaec f + Rcde f∇ f Radbe − Rade f∇ f Rbecd . (B.5)
The second and third terms do not contribute to habc Babc because of the identities like (cf.
(A.1))
Cade f∇cCbde f = 12∇c(Cade f Cbde f ) = 18 gab∇cC2 . (B.6)
Using the Bianchi identity we also have Cade f∇ f Cbdce = −Cade f∇bCced f − Cade f∇dCbec f .
These terms do not contribute upon contraction with a totally symmetric traceless habc.
One may also study more general linear in spin 3 terms which also involve the vector
field strength Fab. One finds that the only possible term with one power of Fab is propor-
tional to the combination appearing in (4.10) that we obtained by the direct computation
of the induced action. The only term quadratic in Fab and linear in habc must be (on dimen-
sional and covariance grounds) proportional to FabFbc∇d hacd. Such term is not, however,
Weyl invariant and thus can not appear in the induced action.
C Background covariant computation of UV pole parts
of correlators of currents
In this Appendix we shall briefly explain the strategy of the computation of the UV pole
(logarithmic divergence) part of the current-current correlators like 〈J(s) J(s′)〉UV appearing
in (4.4). We shall follow the approach and notation of [25].
Starting with the explicit expression for the bilinear currents like in (2.12),(2.14),(2.21)
one may express the correlator at separated points 〈J(s)(x) J(s′)(x′)〉 in terms of the curved
space scalar propagators G(x, x′) getting sum of terms like
∇n∇′n′ G ∇m∇′m′ G + ..., n + m = s, n′ + m′ = s′, (C.1)
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where dots stand for other potential terms with less covariant derivatives but extra fac-
tors of curvature and its derivatives. For our purpose of extracting the UV singular part
of the correlator it is sufficient to keep only the part of G which is most singular in the
coincidence x → x′ limit
G(x, x′)→ ∆
1/2(x, x′)
8pi2 σ(x, x′)
, (C.2)
where σ(x, x′) is half the geodesic distance between x and x′ and ∆ (not to be confused
with the Laplace operator) is defined by (see, e.g., [21] for a detailed discussion of proper-
ties of these bitensors)
∆ ≡ |g|−1/2 |g′|−1/2 det Dab′ , Dab′(x, x′) = − ∂
2
∂xa ∂x′b
σ(x, x′). (C.3)
Using (C.2) in (C.1), we obtain terms whose denominator is a power of σ while the nu-
merator is a tensor that involves covariant derivatives of σ and ∆.
To find the UV singular part of such terms, in the dimensional regularization ap-
proach of [25], one is to make the following replacement (ε = 4− d)
1
σ2
→ 8pi
2
ε
δ(4)(x, x′) , (C.4)
where δ(4)(x, x′) is the biscalar curved space δ-function,
∫
d4x
√
g δ(4)(x, x′) = 1. Terms
with powers of 1/σ higher than 2 should be first reduced to 1/σ2 terms by iterative use
of the identity
1
σp+1
= 12 p (p−1) ∆
−1/2 (∇2 −Y) ∆
1/2
σp
, Y = ∆−1/2∇2 ∆1/2. (C.5)
Use of (C.4) then gives terms with powers of the differential operator in the r.h.s. of (C.5)
acting on δ(4)(x, x′). We may then use integration by parts and take the coincidence limit
x → x′.
This last step is non trivial because the coincidence limit does not commute with co-
variant derivatives of the biscalars σ and ∆.23 This may be automatized to provide a table
of substitution rules. Denoting by a square bracket the coincidence limit, the simplest
examples are
[σ] = 0 , [∇aσ] = 0 , [∇a∇bσ] = gab , [∇a∇b∇cσ] = 0 ,
[∇a∇b∇c∇d σ] = − 13 (Rdbca + Rdacb) , . . . (C.6)
[∆1/2] = 1 , [∇a∆1/2] = 0 , [∇a∇b∆1/2] = 16 Rab ,
[∇a∇b∇c ∆1/2] = 112 (∇aRbc +∇bRac +∇cRbc), . . . (C.7)
The substitutions (C.6) and (C.7) produce a non trivial dependence on the background cur-
vature. When the correlator is contracted with h(s) fields, i.e. h(s)〈J(s) J(s′)〉UV h(s
′), the in-
tegration by parts mentioned above will produce terms with derivatives acting on higher
spin fields.
23Besides, one has to deal with the technical problem of separating covariant derivatives at x and x′. This
may be done systematically by exploiting Synge’s theorem and its multi-index generalization proved in [21].
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D Stress tensor of the free spin 3 field in flat space
Here we shall comment on the special structure of the spin 3 flat space kinetic term in
(4.14) and its stress tensor. Let us start with the general 3-parameters Lagrangian
L = habc3 habc + k1 habc ∂abcde f hde f + k2 habc ∂bcde hade + k3 habc2 ∂cd habd , (D.1)
and look for a symmetric traceless stress tensor Tab ∼ h(3)∂6h(3) + · · · which is conserved
and gauge invariant on the equations of motion following from (D.1). There are 254 pos-
sible structures in such Tab, i.e. (∂nh ∂mh)ab or gab (∂nh ∂mh) with n + m = 6. The Tab
with required properties is found only ifL in (D.1) is proportional toL flat33 in (4.14).
24 To
show the converse requires an explicit calculation which gives
Tab = 12 h
bcd∂acde f phe f p − 2 hbcd∂ade fhce f + 54 hbcd ∂ae2hcde
+ 12 h
acd∂bcde f phe f p − 2 hacd∂bde fhce f + 54 hacd ∂be2hcde
− hbcd∂cde fhae f − hacd ∂cde fhbe f + habc ∂cde fhde f + 52 hbcd ∂de2hace
+ 52 h
acd ∂de2hbce − habc∂de2hcde − 54 hbcd 3hacd
− 54 hacd 3hbcd + ηab
(
− 14 hcde∂cde f pah f pa + 32 hcde∂de f phc f p
− 158 hcde ∂e f2hcd f + 58 hcde 3hcde
)
. (D.2)
Here the ηab term is proportional (up to a total derivative) to L flat33 in (4.14), as expected
on general grounds.
The fact that (D.2) is not manifestly invariant under spin 3 gauge transformations
may be compared with the lower spin cases. In the spin 1 case Tab = FacFcb − 14 gabF2 is
traceless, symmetric and conserved on the equations of motion but also manifestly gauge-
invariant. The latter feature does not automatically generalize to higher conformal spins.
Let us consider the s = 2 case and expand the Weyl gravity action near a generic metric
gab → gab + hab (with traceless hab)
S(g; h) = 14
∫
d4x
√
g C2abcd(g + h) =
∫
d4x
√
g
[ 1
4 C
2
abcd(g) + B(g) h +
1
2 hO4(g) h + . . .
]
= S(g) + S(1)(g; h) + S(2)(g; h) + . . . , (D.3)
where B is the Bach tensor. Under the gauge variation δεhab = ∇(aεb) − 14 gab∇cεc,
0 = S(g; h + δεh)− S(g; h) =
∫
d4x
√
gB(g) δεh + S2(g; h + δεh)− S2(g; h) + . . . . (D.4)
Applying δ/δgmn and replacing the background metric by the flat one, gab → ηab, gives
Tcd(h + δεh)− Tcd(h) = −
[δBab
δgcd
δεhab
]
ge f=ηe f
−
[δS(2)
δhab
δ(δεhab)
δgcd
]
ge f=ηe f
+ . . . , (D.5)
where Tcd is the stress tensor defined as the variation of the action over the metric. The
first term on the r.h.s. then vanishes as Bab is covariant; the second term vanishes on
the the equations of motion of hab. Thus Tcd is gauge invariant only on the equations of
motion, in contrast to the spin 1 case.
24We omit trivial improvement terms not contributing to the conserved charges and obeying all the re-
quirements automatically, i.e. without using the equations of motion.
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E Spin 3 gauge invariance in Einstein background
Here we provide some details of the check of the invariance of the spin 1 plus mixed spin
1-3 term in the quadratic action (4.12) in an Einstein background under the spin 3 gauge
transformation in (4.11). Explicitly, we consider
δ
∫
d4x
√
g
(− 112 F2ab + 8 Cabdc Fap∇ch pbd ) ≡ ∫ d4x√g (Q + Q′),
Q = ha ∆a,pq εpq, Q′ = habc ∆′abc,pq ε
pq, (E.1)
where δ acts according to (4.11) and ∆a,pq, ∆′abc,pq are differential operators containing ∇a
and
←−∇ a. We want to show that the part of the variation not depending on habc, i.e. Q,
vanishes. The cancellation of Q′ requires adding the variation of the last quadratic spin 3
term in (4.12) which at present is not known beyond the leading order in the curvature.
The explicit form of Q is found to be
Q =− 83 RbcRcdεad∇bha + 83 RacRcdεbd∇bha + 8 Rbec f Cade f εcd∇bha
− 8Rbec f Ca f deεcd∇bha − 8Raec f Cbde f εcd∇bha + 8Raec f Cb f deεcd∇bha
+ 83 Rb
cRadceεde∇bha − 83 RacRbdceεde∇bha + 83 Rbc∇bha∇d∇cεad
− 83 Rac∇bha∇d∇cεbd − 8∇aCbcde∇bha∇eεcd + 8∇bCacde∇bha∇eεcd
+ 8Rbcde∇bha∇e∇aεcd − 8 Cbcde∇bha∇e∇aεcd − 8 Racde∇bha∇e∇bεcd
+ 8Cacde∇bha∇e∇bεcd + 163 Rabde∇bha∇e ∇cεcd + 83 Radbe∇bha∇e∇cεcd
− 83 Raebd∇bha∇e∇cεcd + 8Rbcde∇bha∇e∇dεac + 8Rbdce∇bha∇e∇dεac
− 8Racde∇bha∇e∇dεbc − 8Radce∇bha∇e∇dεbc. (E.2)
Integrating by parts to remove the covariant derivatives from εab and using the Einstein-
space curvature identities we arrive at
Q =− 43 Rεbc∇a∇c∇bha + 43 Rεac∇b∇c∇bha + 16 R2εab∇bha
+ 23 Rεbc∇c∇a∇bha − 43 Rεac∇c∇b∇bha − 8 εde∇aCbdce∇c∇bha
+ 8εde∇bCadce∇c∇bha + 23 Rεbc∇c∇b∇aha − 8Cbdceεae∇d∇c∇bha
− 8Cbecdεae∇d∇c∇bha + 8Cadceεbe∇d∇c∇bha + 8Caecdεbe∇d∇c∇bha
− 163 Cabceεde∇d∇c∇bha − 83 Cacbe εde∇d∇c∇bha + 83 Caebcεde∇d∇c∇bha
− 163 εde∇c∇bha∇eCabcd − 83 εde∇c∇bha∇eCacbd + 83 εde∇c∇bha∇eCadbc. (E.3)
Symmetrizing the covariant derivatives and using the Bianchi identities gives
Q = 43 Rb
(de) f Rcde f εac∇[bha] . (E.4)
This vanishes after using εab = εba and the identities valid in Einstein space (cf. (A.1))
RacdeRbcde = 14 g
abRcde f Rcde f , RacdeRbdce = 14 g
abRced f Rcde f . (E.5)
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F Restricted form of spin 3 gauge invariance
If we consider the spin 3 gauge transformations with the gauge parameter constrained by
∇aεab = 0 then the transformations in (4.11) satisfy
δ′ha = −6∇b∇c δ′habc , δ′ ≡ δ
∣∣∣
∇aεab=0
. (F.1)
This means that we can introduce a new spin-1 field h˜a which will be neutral with respect
to the restricted spin 3 gauge transformation
h˜a = ha + 6∇b∇c habc , δ′h˜a = 0 . (F.2)
Then the spin 1 and 3 interaction terms in (2.24) may be written as
ha Ja + habc Jabc = h˜a Ja + habc J˜abc, J˜abc = Jabc − 6∇(a∇b Jc) , (F.3)
where J˜abc is thus the same as in (2.27), i.e.
habc J˜abc = 60 i habc∇a∇bϕ ∇cϕ+ c.c. . (F.4)
This term is thus invariant under the restricted gauge transformations in an Einstein back-
ground.
The quadratic part of the induced action is again of the form (4.11), but now written
in terms of the new vector field h˜a (with field strength F˜)
S(2) =
∫
d4x
√
g
[
− 112 F˜2ab + L˜13 + h(3) O˜6 h(3)
]
, (F.5)
L˜13 =h˜a 〈Ja J˜bcd〉UV hbcd = F˜ab
(
2∇a∇c∇d h cdb + 8 Cacdp∇p h cdb
)
. (F.6)
Note that in an Einstein background there is no nontrivial h˜(1)h(3) tadpole contributions
so (F.6) is automatically vector gauge invariant.
Since δ′h˜a = 0, the h(3) O˜6 h(3) term in (F.5) that should be equal to h(3)〈 J˜ J˜〉UV h(3) (up
to a possible tadpole contribution) should be invariant under the restricted spin 3 gauge
transformations on its own.
It is easy to see why (F.6) is spin 3 gauge invariant using (F.1):
δ′L13 =F˜ab
(
2∇a∇c∇d δ′h cdb + 8 Cacdp∇p δ′h cdb
)
= F˜ab
(− 13 ∇a δ′hb + 8 Cacdp∇p δ′h cdb )
=δ′
(− 112 F2ab + 8 Fab Cacdp∇p h cdb )∣∣∣h(1)ε = 0 . (F.7)
Here we used that the two terms in the second line are as in (4.12) and thus are invariant
under the spin 3 transformations modulo O(h(3)ε) term.
G Some expressions used in section 4.3
Here we present the relations used in eqs. (4.16),(4.17),(4.18). The tensor Vab in the
h(2)h(3)ϕϕ vertex in (4.17) is given by
Vab =3 i (−4 ∂chabd ∂dϕ ∂cϕ+ 4 ∂dhabc ∂dϕ ∂cϕ+ 10 hbcd ∂cϕ ∂adϕ− 10 hbcd ∂adϕ ∂cϕ
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+ 10 hacd ∂cϕ ∂bdϕ− 10 hacd ∂bdϕ ∂cϕ− 4 habd ∂cϕ ∂cdϕ+ 4 habd ∂cdϕ ∂cϕ
− 7 ∂ahbcd ϕ ∂cdϕ− 7 ∂bhacd ϕ ∂cdϕ+ 12 ∂dhabc ϕ ∂cdϕ+ 7 ∂a hbcd ∂cdϕ ϕ+ 7 ∂bhacd ∂cdϕ ϕ
− 12 ∂dhabc ∂cdϕ ϕ+ 3 habc ∂cϕ ∂ddϕ− 3 habc ∂ddϕ ∂cϕ+ 7 ∂ddhabc ϕ ∂cϕ
− 7 ∂ddhabc ∂cϕ ϕ+ 12 ηbc hade ∂cϕ ∂deϕ+ 12ηac hbde ∂cϕ ∂deϕ− 12 ηbc hade ∂deϕ ∂cϕ
− 12 ηac hbde ∂deϕ ∂cϕ− 8 hbcd ϕ ∂acdϕ+ 8 hbcd ∂acdϕ ϕ− 8 hacd ϕ ∂bcdϕ+ 8 hacd ∂bcdϕ ϕ
+ habc ϕ ∂cddϕ− habc ∂cddϕ ϕ) . (G.1)
The contributionL (a)233 in (4.16) coming from the triangle diagram (a) in Fig. 1 is
L
(a)
233 =− 157 hab (−42hacd2hbcd + 35∂ahcde ∂bhcde + 42∂ahcde ∂b2hcde
+ 54∂ahcde ∂e2hbcd + 18∂b2hcde∂ehacd − 108 ∂d2hbce∂ehacd − 54 ∂e2hbcd∂ehacd
+ 54∂bhcd f ∂ fhacd − 102 ∂dhbc f ∂ fhacd − 51 ∂ fhbcd∂ fhacd + 42 hcde∂abhcde
+ 24hcde∂ab2hcde + 282hcde ∂abhcde − 12hcde∂behacd + 264∂a f hcde∂behcd f
− 122hcde∂behacd + 88 ∂a f hcde∂b fhcde + 72hcde ∂dehabc + 72∂a f hcde ∂dehbc f
+ 54hcde∂de2habc + 302hcde ∂dehabc + 72∂a f hcde ∂e fhbcd − 18hacd ∂ee2hbcd
+ 48∂bdhce f ∂e f hacd + 48 ∂b fhcde∂e f hacd − 72 ∂cdhbe f ∂e f hacd − 288∂d fhbce∂e f hacd
− 72 ∂e fhbcd∂e f hacd + 144 ∂ f hcde∂abehcd f + 48∂ f hcde∂ab fhcde + 150 ∂ehcd f ∂ab f hcde
+ 50∂ f hcde∂ab f hcde + 90∂a f hhcde∂bdehc f h + 180 ∂a f hhcde∂behhcd f − 12 ∂dhce f ∂be f hacd
− 12∂ fhcde∂be f hacd + 30 ∂a f hhcde∂b f hhcde + 36 ∂ f hcde∂cdehab f + 108∂ f hcde∂de fhabc
+ 30 ∂chde f ∂de f habc + 90∂ f hcde∂de f habc + 12∂bcdhe f h∂e f hhacd + 72 ∂bdhhce f ∂e f hhacd
+ 36 ∂b f hhcde∂e f hhacd − 54∂cdhhbe f ∂e f hhacd − 108 ∂d f hhbce∂e f hhacd − 18 ∂e f hhbcd∂e f hhacd
+ 96∂ f hhcde∂abdehc f h + 192 ∂ f hhcde∂abehhcd f + 32∂ f hhcde ∂ab f hhcde + 48∂ f hhcde ∂cdehhab f
+ 72∂ f hhcde∂de f hhabc). (G.2)
The contribution L (b)233 in (4.16) coming from the bubble diagram (b) in Fig. 1 is much
simpler
L
(b)
233 = − 2707 hab hacd3hbcd . (G.3)
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